Cusps of Hyperbolic 4-Manifolds and Rational Homology Spheres by Ferrari, Leonardo et al.
ar
X
iv
:2
00
9.
09
99
5v
2 
 [m
ath
.G
T]
  2
7 S
ep
 20
20
CUSPS OF HYPERBOLIC 4-MANIFOLDS
AND RATIONAL HOMOLOGY SPHERES
LEONARDO FERRARI, ALEXANDER KOLPAKOV, AND LEONE SLAVICH
Abstract. In the present paper, we construct a cusped hyperbolic 4-manifold with all cusp
sections homeomorphic to the Hantzsche–Wendt manifold, which is a rational homology
sphere. By a result of Gole´nia and Moroianu, the Laplacian on 2-forms on such a manifold
has purely discrete spectrum. This shows that the main result of Mazzeo and Phillips from
1990 cannot hold without additional assumptions on the homology of the cusps.
We also correct and refine the incomplete classification of compact orientable flat 3-
manifolds arising from cube colourings provided earlier by the last two authors.
1. Introduction
A Riemannian n–manifold M with a complete metric of constant sectional curvature −1
is called a hyperbolic n–manifold. Equivalently, one may think of M as a quotient space of
the n–dimensional hyperbolic space Hn by a discrete, torsion-free subgroup Γ ⊂ Isom(Hn)
of isometries. By replacing Hn with Xn = Sn (spherical space) or En (Euclidean space) we
can analogously define spherical (with constant sectional curvature +1) and Euclidean (or
flat, with constant sectional curvature 0) n–manifolds.
Hyperbolic n–manifolds of finite volume split into two natural classes: compact and cusped
ones. The latter ones are necessarily non-compact, and Margulis’ lemma [1, Theorem D.1.1]
implies that their topological ends have the form E × [0,+∞) with warped product metric,
where E is a compact Euclidean (n− 1)–manifold called a cusp section.
In this paper we are interested in understanding the possible structure of cusps of finite-
volume hyperbolic 4–manifolds and, in particular, we give a positive answer to a question
posed by Gole´nia and Moroianu [6, Question 1].
Theorem 1.1. There exists a finite-volume orientable hyperbolic 4–manifold M with all
cusp sections homeomorphic to the Hantzsche–Wendt manifold.
The Hantzsche–Wendt manifold is the only rational homology sphere among the 6 possi-
ble homeomorphism types of compact orientable Euclidean manifolds. To the best of our
knowledge, the manifold M of Theorem 1.1 is the first example of an orientable, complete,
non-compact, finite volume hyperbolic n-manifold all of whose cusp-sections are rational
homology (n− 1)-spheres.
The other interesting fact is that the spectrum of the Laplacian ∆2 acting on 2-forms
on M is purely discrete by [6, Theorem 1.2], and this is the first example of an orientable
hyperbolic manifold with such property. This contradicts the work of Mazzeo and Phillips
A.K. was supported by the Swiss National Science Foundation project no. PP00P2-170560.
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[11, Theorem 1.11], which states that all finite volume, cusped hyperbolic n-manifolds should
have non-empty continuous spectrum for the Laplacian ∆k on k-forms, for all k = 0, . . . , n.
The issue here is that Mazzeo and Phillips’ result apparently holds under the tacit assump-
tion that the cusped hyperbolic manifoldM is orientable and that no cusp section ofM has
two consecutive Betti numbers equal to zero. Moreover, Gole´nia and Moroianu conjecture
that the latter condition on non-vanishing of the Betti numbers cannot be taken for granted,
which Theorem 1.1 shows indeed to be the case.
Also we note that the classification from [10, Proposition 3.2] of the so-called proper
colourings of the 3–dimensional cube is incomplete, and use the opportunity to correct the
omissions. The resulting new classification turns out to be more succinct and transparent.
Outline of the paper. In Section 2 we review colourings on right-angled polytopes, how
they can be used to define hyperbolic manifolds, and some of their properties. In Section 3
we classify up to isometry all orientable manifolds arising as colourings of a 3-dimensional
unit cube, correcting and refining the incomplete classification from [10]. In Section 4 we
introduce the right-angled hyperbolic 24-cell, which is an ideal hyperbolic 4-polytope, and
exhibit a colouring which produces the manifold M of Theorem 1.1.
2. Preliminaries
A finite-volume polytope P ⊂ Xn (for Xn = Sn,En,Hn being spherical, Euclidean and
hyperbolic n–dimensional space, , respectively, cf. [13, Chapters 1–3]) is called right-angled
if any two codimension 1 faces (or facets, for short) are either intersecting at right angles or
disjoint. It is known that hyperbolic right-angled polytopes cannot exist if n > 12 [5], and
examples are known up to dimension n = 8 [12]. A polytope is called ideal if all its vertices
are located on the ideal boundary ∂Hn. Ideal right-angled polytopes cannot exist if n > 8,
and the only examples known have dimensions n ≤ 4 [8].
2.1. Colourings of right-angled polytopes. One of the important properties of hyper-
bolic right-angled polytopes is that their so-called colourings provide a rich class of hyper-
bolic manifolds. By inspecting the combinatorics of a colouring, one may obtain important
topological and geometric information about the associated manifold.
First, let S be an n–dimensional simplex with the set of vertices V = {v1, . . . , vn+1} and
W a F2-vector space. A map λ : V → W is called a colouring of S. The colouring is proper
if the vectors λ(vi), i = 1, . . . , n+ 1 are linearly independent.
Let P be a right-angled polytope in Xn with the set of facets F , and let P∗ be the dual
polytope. A map λ : F → W is called a colouring of P. The colouring is proper if the
induced map on the vertices of each simplex S of P∗ is a proper colouring as defined above.
Notice that if P is a compact polytope then it is simple and its dual complex P∗ is a flag
simplicial complex. If the polytope P is hyperbolic and non-compact it will necessarily have
some ideal vertices, and the dual complex will not be simplicial anymore. However, all of its
codimension k > 1 faces will be simplices. Moreover, the maximal simplicial subcomplex of
P ∗ will again be a flag simplicial complex.
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If the polytope P is clear from the context, then λ is called a W–colouring of P. The
dimension dimF2W of the vector space W is called the rank of the colouring. We will always
assume that colourings are surjective, in the sense that the image of the map λ is a generating
set of vectors for W .
A colouring of a right-angled n-polytope P naturally defines a homomorphism (which we
still denote by λ without much ambiguity) from the associated right-angled Coxeter group
Γ(P) into W (with its natural group structure). Being a Coxeter polytope, P has a natural
orbifold structure as the quotient Xn/Γ(P). If the colouring is proper, the kernel of λ is
torsion-free, and Mλ = X
n/ker λ is a manifold [10, Proposition 2.1]. The orbifold cover
Mλ 7→ P is then called a manifold cover of P. If the dimension of the vector space W is
minimal, i.e. equal to the maximum number of vertices in the simplices of P∗, Mλ is called
a small cover of P. This is equivalent to dim F2W = n if P has proper hyperbolic vertices,
and dim F2W = n− 1 if P is ideal.
When P has ideal vertices, it is also natural to determine the Euclidean cusp sections of
the manifold Mλ (see [10]). If p ∈ P is an ideal vertex, its Euclidean vertex figure Ep is
the intersection of P with a sufficiently “small” horosphere centered at p. Since P is right
angled, the vertex figure Ep has to be a right angled Euclidean polytope of dimension n− 1,
uniquely determined up to homothety. Each facet of Ep will correspond to a unique facet of
P. If P is regular then also Ep has to be regular, and is therefore forced to be an (n−1)-cube.
The vertex p will lift to a number of cusps in the manifold Mλ, and for each such cusp the
Euclidean cusp section corresponds to the manifold obtained by restricting the colouring of
P to Ep. The number of copies of each cusp is equal to [W
′ : W ], where W ′ is the subspace
of W generated by the colours in the facets of Ep.
Let Sym(P) be the group of symmetries of the polytope P ⊂ Xn. Two W–colourings λ
and µ of P are called equivalent (or DJ–equivalent, after Davis and Januszkiewicz [4]) if
there exists a combinatorial symmetry s ∈ Sym(P) and an invertible linear transformation
m ∈ End(W ) such that λ = m ◦µ ◦ s. It is easy to see that DJ-equivalent proper colourings
of a polytope P define isometric manifolds. The converse is generally not true.
Symmetries of colourings. Given a (not necessarily proper) colouring λ of a right angled
polytope P, there is a natural group of symmetries of the associated orbifold Mλ called the
coloured isometry group of Mλ. We briefly recall its definition as given in [10, Section 2.1].
Definition 2.1. Let λ : Γ(P ) → W be a colouring of P. A symmetry of P is admissible
with respect to λ if:
(1) it induces a permutation of the colors assigned to the facets,
(2) such permutation is realised by an invertible linear automorphism φ ∈ GL(W ).
Admissible symmetries are easily seen to form a subgroup, which we denote by Admλ(P),
of the symmetry group of P and there is a naturally defined homomorphism φλ from Admλ(P)
to GL(W ).
Recall that a colouring λ : Γ(P ) → W defines a regular orbifold cover pi : Mλ → P with
automorphism group W . The coloured isometry group Isomc(Mλ) is defined as the group
of symmetries of Mλ which are lifts of admissible symmetries of P. There is a short exact
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sequence
1→ W → Isomc(Mλ)→ Admλ(P)→ 1
which clearly splits, so that
Isomc(Mλ) ∼= W ⋊ Admλ(P).(1)
The action of Admλ(P ) on W is precisely the one induced by the homomorphism φλ.
Colourings with large groups of admissible symmetries are essentially the most symmetric.
On one side, they produce orbifolds and manifolds with large groups of symmetries. On
the other side, properties of the colourings such as properness, or the shape of eventual
cusps, can be determined by looking at a small amount of conditions and “pushing forward”
through the action of Admλ(P).
2.2. Computing the Betti numbers of colourings. Given a right-angled polytope P ⊂
Xn with an Fk2–colouring λ, let us enumerate the facets F of P in some order. Then, we
may think that F = {1, 2, . . . , m}. Let Λ be the defining matrix of λ, that consists of the
column vectors λ(1), . . . , λ(m) exactly in this order. Then, Λ is a matrix with k rows and m
columns.
The manifoldMλ is homotopy equivalent to a NPC cube complex Cλ obtained by dualising
the tessellation ofM into copies of the polytope P, so that for every codimension-k stratum
in the tessellation of Mλ, there is a k-dimensional cube in the complex Cλ.
The cube complex Cλ admits a locally standard F
k
2-action, induced by the automorphism
group of the covering Mλ → P. This action endows Cλ with the structure of a real toric
space MR(K,Λ), where K is the maximal simplicial subcomplex of the dual polytope P∗
and Λ : Fm2 → F
k
2 is the linear map represented by the defining matrix Λ (see [2]).
Let Row(Λ) denote the row space of Λ, while for a vector ω ∈ Row(Λ) let Kω be the
simplicial subcomplex of the complex K spanned by the vertices i (also labelled by the
elements of {1, 2, . . . , m}) such that the i–th entry of ω equals 1.
If R is a commutative ring in which 2 is a unit, the co-homology of M = MR(K,Λ) can
be computed through the following formula [2, Theorem 1.1]:
Hp(M,R) ∼= ⊕
ω∈Row(Λ)
H˜p−1(Kω, R).(2)
In what follows we will be interested primarily in computing the Betti numbers of Mλ.
By applying equation (2) for R = Z and the universal coefficient theorem for cohomology
we obtain the following corollary:
Corollary 2.2. Let P ⊂ Xn be a right-angled polytope with a (proper) colouring λ, and let
Λ be the defining matrix of the latter. Then for the manifold cover Mλ of P corresponding
to λ we have
βi(Mλ) =
∑
ω∈Row(Λ)
β˜i−1(Kω),
where βi denotes the i–th Betti number, and β˜i is the i–th reduced Betti number.
We conclude this section by proving the following useful proposition:
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Proposition 2.3. Let P ⊂ Xn be a simple right-angled polytope with a proper colouring λ.
The manifold Mλ is orientable if and only if the vector ε = (1, . . . , 1) belongs to Row(λ).
Proof. The manifold Mλ is orientable if and only if the kernel of the homomorphism λ :
Γ(P ) → Fk2 contains only orientation preserving element, i.e. elements which are expressed
as the product of an even number of reflections in the facets of P. To each element γ of
Γ(P ) we can associate a vector vγ in F
m
2 as follows: if the generator corresponding to the
i-th facet of P appears an odd number of times in a word representing γ, then the i-th entry
of vγ is equal to 1, and is zero otherwise. Notice that vγ does not depend on the particular
choice of a word representing γ, since all the relations in the presentation of Γ(P ) involve an
even number (possibly zero) of each generator. Indeed the above construction yields a group
homomorphism from Γ(P ) to Fm2 , and it easy to see that γ ∈ Γ(P ) is orientation preserving
if and only if vγ is a vector with an even number of entries equal to 1.
Now, since the m-th generator if Γ(P ) is mapped by λ into the m-th column of the matrix
Λ, for any γ ∈ Γ(P ), λ(γ) = Λ · vγ , and therefore Mλ is orientable if and only if the right
kernel of Λ contains only vectors with an even number of 1 entries. Finally, vectors with an
even number of 1 entries are precisely those vectors which are orthogonal to ε = (1, . . . , 1).
Since Row(Λ) = Ker(Λ)⊥, the proof is complete. 
3. Colouring the 3-cube
In this section we take the opportunity to correct the incomplete classification of colouring
of the unit 3-dimensional cube that first appeared in [10]. This classification will be essential
later on in order to perform the main construction of the paper.
Let C = [0, 1]3 ⊂ R3 be the unit cube. We label its faces as shown in Figure 1, so that the
pairs of parallel faces have indices {1, 2}, {3, 4} and {5, 6}.
Given a colouring λ : Ref(C) → W = Fk2, k ≥ 3, we associate to it its defining matrix Λ,
which has in its i-th column the vector of Fk2 associated to the face of the cube with label
i. The rank of the matrix Λ clearly coincides with the rank of the colouring λ. It is easy
to see how the matrix Λ changes under DJ-equivalence: if we pre-compose the colouring
with a symmetry s of the cube, we simply permute the columns of Λ according to the
action of the symmetry on the faces of the cube. If we post-compose the colouring with a
linear transformation m ∈ End(Fk2), we simply multiply Λ on the left by the k × k matrix
which represents m. Clearly, the kernel of Λ is invariant under post-composition with linear
transformation of Fk2 , and so is Row(Λ) = Ker(Λ)
⊥.
Let ei be the standard i-th basis vector, i.e. a vector in F
k
2 such that (ei)j = δij , for
1 ≤ j ≤ k, where δij is the Kronecker symbol. The T -set associated to a cube C with the
side labelling as in Figure 1 is T = {e1+e2, e3+e4, e5+e6}, which is understood as a subset
of F62. If the parallel sides of C have a different marking, then its T -set has to be changed
accordingly.
Proposition 3.1. Let C be a cube and T be its T -set. Let λ : Ref(C) → Fk2, k ≥ 3, be
an orientable colouring of C with defining matrix Λ, and let Mλ be the associated manifold
Mλ = R
3/ ker λ. The following cases are possible:
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1
2
6
3
5
4
Figure 1. The cube C and its dual simplicial complex O = C∗ (the octahe-
dron) with labelled faces (resp. vertices)
(i) if Row(Λ) ∩ T = T , then Mλ ∼= F1 (the 3-torus);
(ii) if ∅ 6= Row(Λ) ∩ T ( T , then Mλ ∼= F2 (the “half-twist” manifold, i.e. the unique
orientable Euclidean circle bundle over the Klein bottle);
(iii) if Row(Λ) ∩ T = ∅, then Mλ ∼= F6 (the Hantzsche-Wendt manifold).
Proof. The dual polytope of C is a simplicial complex isomorphic to the octahedron O in
Figure 1. Given the labelling on C, the vertices of O become also labelled accordingly. An
easy computation by using Corollary 2.2 shows that β1(Mλ) = 3 if and only if T ⊂ Row(Λ),
since Oω is a disconnected complex only for ω = {1, 2}, {3, 4} and {5, 6}. It follows from [7]
that F1 is the only closed flat orientable 3-manifold with β
1 equal to 3.
By analogy, β1(Mλ) = 0 if and only if T ∩ Row(Λ) = ∅. The only closed flat orientable
3-manifold with vanishing β1 is F6.
The remaining case is ∅ 6= Row(Λ) ∩ T ( T . Moreover, the intersection can contain only
a single vector from T . Indeed, since λ is an orientable colouring, by Proposition 2.3 the
vector ε =
∑6
i=1 ei belongs to Row(Λ). This readily implies that whenever Row(Λ) contains
two elements of T , it contains their sum with ε, which is the third element of T .
Thus, we have that β1(Mλ) = 1. This does not completely identify Mλ: four out of six
closed orientable flat 3–manifolds satisfy this condition. However, all manifolds obtained
from colourings have vanishing η–invariant, since they always admit orientation-reversing
isometries. This is enough to conclude that Mλ is indeed F2: the only Euclidean 3-manifold
with β1Q(Mλ) = 1 and vanishing η–invariant. 
3.1. DJ-equivalence and isometry classes of the colourings of the cube. We now
refine the analysis of the previous section, and classify up to isometry all the orientable
manifolds arising from proper colourings of the unit cube up.
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The first step is to produce a classification up to DJ-equivalence. To do so, we generate all
possible orientable colourings of the unit cube using a computer and find representatives for
all DJ-equivalence classes. For the reader’s convenience, a Sage worksheet which performs
this computation is made available on GitHub1.
Notice that the dimension of the vector space is constrained between 3 (the rank of a small
cover) and 6 (the total number of faces of the cube). We then analyse the topology of the
resulting manifolds. Finally, we distinguish colourings of the same rank and homomorphism
type using properties which can be directly read off of the defining matrix and that are
clearly invariant under DJ-equivalence.
Rank 3
A 3-torus:

1 1 0 0 0 00 0 1 1 0 0
0 0 0 0 1 1

, and a half-twist manifold:

1 1 0 0 0 10 0 1 1 0 1
0 0 0 0 1 1


Thus, there are only two types of manifolds arising from the cube as small covers. More
equivalence classes appear in higher ranks.
Rank 4
3-tori:
(1)


1 0 0 0 0 0
0 0 1 1 0 0
0 0 0 0 1 1
0 1 0 0 0 0

, (2)


1 0 0 0 0 1
0 0 1 1 0 0
0 0 0 0 1 1
0 1 0 0 0 1

, (3)


1 0 0 1 0 1
0 0 1 1 0 0
0 0 0 0 1 1
0 1 0 1 0 1


These three tori can be distinguished by looking at the number of pairs of opposing faces
with linearly independent colours. In case (1) it is just one pair, two pairs in case (2) and
three pairs in case (3).
Half-twist manifolds:
(1)


1 0 0 0 0 0
0 0 1 1 0 1
0 0 0 0 1 1
0 1 0 0 0 1

, (2)


1 0 0 0 0 1
0 0 1 1 0 0
0 0 0 1 1 1
0 1 0 1 0 1


To distinguish (1) from (2) we use the same criterion that we used for the rank 4 tori:
there are two linearly independent pairs in (1) while there are three in (2).
A Hantzsche-Wendt manifold: Finally, there is a unique colouring of the cube which
yields the Hantzsche-Wendt manifold given below.
1https://github.com/sashakolpakov/24-cell-colouring
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
1 0 0 0 0 1
0 0 1 1 0 1
0 0 0 1 1 0
0 1 0 1 0 1


Rank 5
3-tori:
(1)


1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 1
0 1 0 0 0 0
0 0 0 1 0 0

, (2)


1 0 0 0 0 1
0 0 1 0 0 0
0 0 0 0 1 1
0 1 0 0 0 1
0 0 0 1 0 0

, (3)


1 0 0 0 0 1
0 0 1 0 0 1
0 0 0 0 1 1
0 1 0 0 0 1
0 0 0 1 0 1


In order to distinguish (1) from (2) and (3) we again look at the dimensions of the vector
spaces generated by the colors assigned to the pairs of opposite faces of the cube. There are
two pairs of linearly independent colours in (1) and three in (2) and (3).
Now, to tell (2) apart from (3), we notice that all rows in (3) have an even number of
1 entries, while in (2) there are two rows with an odd number of 1 entries. This means
that if we multiply these two matrices by the vector ε =
∑6
i=1 ei on the right, we obtain
the zero vector in case (3) and a non-zero vector in case (2). This property is invariant
under DJ-equivalence, since this amounts to changing the matrices by either multiplying
by a permutation matrix on the right (which fixes the vector ε) or by multiplying by an
invertible matrix on the left (which maps non-zero vectors to non-zero vectors).
A half-twist manifold: There is only one class up to DJ–equivalence.

1 0 0 0 0 1
0 0 1 0 0 1
0 0 0 0 1 1
0 1 0 0 0 0
0 0 0 1 0 0


Rank 6
Finally, there is a unique rank 6 coloring which produces a 3-torus: it corresponds to the
6× 6 identity matrix.
Now we focus our attention on the classification of the colourings of the 3-cube up to
isometry. Equivalent colourings clearly produce isometric manifolds, so we ask ourselves if
two different DJ classes can be isometric. We have the following.
Proposition 3.2. All DJ classes of colourings of the 3-cube are pairwise non-isometric.
Proof. Non-homeomorphic manifolds are non-isometric. Manifolds with colourings of differ-
ent rank are non-isometric either, since they are orbifold covers of the same orbifold with
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different degrees, and therefore have different volume. It is enough then to distinguish dis-
tinct DJ classes with the same homeomorphism type and rank of the colouring. To do this,
we first find fundamental domains and side-pairings for each manifold, using the methods in
[10, Section 3]. We then look at the maximal toric sublattices in each lattice, and then look
at the length spectra of geodesics in said tori. These are generated as the lengths of integer
linear combinations of the generating translations in the maximal toric sublattices. Those
spectra are pairwise distinct for each set of DJ classes with the same homeomorphism type
and rank, and therefore all the DJ classes are pairwise non-isometric. 
4. Constructing the 24-cell manifold
The regular Euclidean 24-cell Z is a 4-dimensional polytope which is realised as the convex
envelope in R4 of the following 24 points:
(±1, 0, 0, 0), (0,±1, 0, 0), (0, 0,±1, 0), (0, 0, 0,±1), 1/2 · (±1,±1,±1,±1).
The 24-cell is self-dual, with 24 octahedral facets and 96 triangular faces. By interpreting
the unit sphere in R4 as the boundary at infinity of hyperbolic space and taking the convex
envelope in H4 of these 24 points we obtain the regular ideal hyperbolic 24-cell, which is a
regular right-angled hyperbolic polytope with 24 ideal vertices, volume equals to 4
3
pi2 and
Euler characteristic 1. We also denote it by Z, but the context in which this notation is
used should always resolve the ambiguity. For each vertex p ∈ Z, its Euclidean vertex figure
is a 3-dimensional cube.
Below, we exploit the great symmetry and associated algebraic structure of the regular
24-cell Z in order to obtain a colouring of the latter that satisfies the following theorem.
Theorem 4.1. There exists a proper colouring λ : Γ(Z) → F42 of the ideal right-angled
24-cell Z such that the associated manifold M = H4/ ker λ is orientable, and all of its cusp
sections are homeomorphic to the Hantzsche-Wendt manifold.
Proof. Our first step will be finding a suitable realisation of the “combinatorial” 24-cell Z
that allows for an elegant and succinct description of the necessary colouring. Since the
24-cell is self-dual, in order to give a colouring to Z it is sufficient to assign colors in F42 to its
vertices, and the properness conditions translates to the condition that the colors assigned
to a triple of vertices which span a triangle are linearly independent vectors.
Points of R4 can be realised as elements of Hamilton’s quaternion algebra H by mapping
the point (x1, x2, x3, x4) to x1 + i · x2 + j · x3 + k · x4. With this map, the vertices of Z are
mapped to unit quaternions and inherit a group structure (the operation being defined by
quaternion multiplication), which makes them isomorphic to the Hurwitz group H consisting
of the 24 integral and half-integral quaternions of unit norm.
The Hurwitz quaternion group has presentation
H ∼= 〈s, t | (st)2 = s3 = t3〉,
and can be generated by taking s = 1
2
(1 + i + j + k), t = 1
2
(1 + i + j − k). This group is
also isomorphic to SL(2,F3), and is sometimes called the binary tetrahedral group, as it is
10 LEONARDO FERRARI, ALEXANDER KOLPAKOV, AND LEONE SLAVICH
isomorphic to the preimage in Spin(3) of the group of orientation-preserving symmetries of
a regular tetrahedron.
The group H acts on R4 through left and right quaternion multiplication. Since all elements
of H are unit quaternions, this is an isometric action. We can therefore define a left isometric
action of H× H on H ∼= R4 by setting (q1, q2) · x = q1 · x · q
−1
2 .
The action is not faithful: its kernel is the cyclic subgroup of order 2 generated by the
element (−1,−1). It preserves the vertices of Z and defines an index-two subgroup of the
orientation-preserving symmetry group of Z isomorphic to H× H/<(−1,−1)>.
Now, we notice that there exists an injective homomorphism ψ from the group H into
the group GL(4,F2) with image the group H described in Table 1. The interested reader
can verify this fact by using the Sage worksheet on GitHub. This homomorphism can be
obtained, for example, via
s 7→


0 0 1 1
0 1 0 1
1 1 0 1
0 1 0 0

 , t 7→


1 1 0 0
0 0 0 1
1 0 0 0
1 0 1 0

 .
We can therefore label each 24-cell vertex q ∈ H with the corresponding matrix φ(q) ∈ H .
In the quaternion notation, two elements p, q ∈ H represent adjacent vertices if the real
part of pq−1 is equal to 1
2
. The latter means that the angle between p and q considered as
points on the unit 3–sphere is pi
3
. With this adjacency relation the elements of H form the
regular 24–cell [3, Chapter 4, §7.2].
By inspection, the elements of H have real part equal to 1
2
if and only if they have order
6. Thus, p and q being adjacent is equivalent to the element pq−1 having order 6.
By applying the homomorphism ψ, we obtain an alternative combinatorial model for the
24-cell such that
(i) the vertices of Z are labeled by the 24 matrices in H < GL(4,F2);
(ii) two matrices M and N correspond to adjacent vertices if and only if M · N−1 has
order 6 in H ;
(iii) there is a left action of H×H on Z with kernel the cyclic group of order 2 generated
by (ψ(−1), ψ(−1)) = (M,M), with M =


0 1 1 1
0 1 0 0
1 1 0 1
0 0 0 1

 .
The F42-colouring on the vertices of Z is now given through the matrix model using the
following very simple formula:
λ(P ) = P · e1, for each vertex P ∈ H < GL(4,F2).(3)
where e1 denotes the first vector of the standard basis of F
4
2.
Before checking for properness of the colouring and looking at the shape of the cusps we
notice that, by construction, the group of admissible symmetries Admλ(Z) contains H as a
subgroup acting on Z by left multiplication. Indeed, left multiplication by a matrix M in H
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v1 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , v2 =


1 0 0 1
0 1 0 0
1 1 0 0
1 1 1 0

 , v3 =


0 0 1 0
1 0 1 0
0 0 1 1
0 1 0 0

 ,
v4 =


0 1 1 1
0 1 0 1
0 1 1 0
1 0 1 1

 , v5 =


0 1 1 0
0 0 0 1
1 1 0 1
0 1 0 1

 , v6 =


1 1 0 1
1 1 1 0
1 0 0 1
0 1 0 1

 ,


0 1 1 1
0 1 0 0
1 1 0 1
0 0 0 1

 ,


0 0 1 1
1 0 1 1
1 0 0 1
1 1 1 0

 ,


0 1 1 0
0 1 0 0
0 0 1 1
1 1 1 0

 ,


0 0 1 0
1 0 1 1
0 1 1 1
0 0 0 1

 ,


1 1 0 0
1 0 1 1
0 1 1 0
1 1 1 0

 ,


1 1 0 1
1 0 1 1
1 0 0 0
0 0 0 1

 ,


1 0 0 1
1 0 1 0
0 1 1 1
1 0 1 1

 ,


1 1 0 0
0 0 0 1
1 0 0 0
1 0 1 0

 ,


0 0 1 1
0 1 0 1
1 1 0 1
0 1 0 0

 ,


0 1 1 1
1 1 1 0
1 1 0 0
1 0 1 0

 ,


1 1 0 0
0 1 0 1
0 0 1 0
0 1 0 0

 ,


1 0 0 0
1 1 1 0
0 0 1 1
1 0 1 0

 ,


1 1 0 1
1 0 1 0
1 1 0 0
0 1 0 0

 ,


0 0 1 0
1 1 1 0
0 1 1 0
0 1 0 1

 ,


1 0 0 0
0 1 0 1
1 0 0 1
1 0 1 1

 ,


1 0 0 1
0 0 0 1
0 0 1 0
0 1 0 1

 ,


0 1 1 0
1 0 1 0
1 0 0 0
1 0 1 1

 ,


0 0 1 1
0 0 0 1
0 1 1 1
1 0 1 0

 .
Table 1. The matrices in GL(4,F2) as vertices of the regular 24–cell
permutes the colors associated to the vertices precisely through multiplication by M , which
is obviously a linear map.
A more detailed computation provides that Admλ(Z) = H × C3. Here C3 is the cyclic
group of order 3, it acts on the vertices of Z via right multiplication by
S =


1 1 0 0
0 1 0 1
0 0 1 0
0 1 0 0

 .
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preserving the colors of the facets. Therefore the induced homomorphism
φ : Admλ(Z) = H × C3 → GL(4,F2)(4)
is the identity on the left factor, and is trivial on the right factor.
We now have to check that the colouring of Z is proper. For this purpose, let us notice
that O = {v1, v2, v3, v4, v5, v6} (with the vis as in Table 1) forms an octahedron in Z. Its
colouring is easily seen to be proper, with the defining matrix Λ given below:
Λ =


1 1 0 0 0 1
0 0 1 0 0 1
0 1 0 0 1 1
0 1 0 1 0 0

 .
The space Row(Λ) satisfies the following equations:
x1 + x3 + x5 + x6 = 0, x1 + x2 + x4 + x5 = 0
and it is easy to check that no vector from the set T = {e1 + e2, e3 + e4, e5 + e6} belongs to
Row(Λ). By Proposition 3.1 the corresponding DJ-equivalence class is that of the rank 4
Hantzsche-Wendt manifold.
Then the rest of the colouring is proper, since each octahedron in Z can be obtained
from O by left multiplication by H and each triangle in Z is image of a triangle in O. By
computing the dimensions of the colourings of Z and O (both equal to 4), we conclude
that M = H4/ ker λ has 24 cusps in total [10, Proposition 2.2], all of whose sections are
homeomorphic to the Hantzsche-Wendt manifold. Indeed, the colored isometry group of
M acts transitively on the cusps, again because the group of admissible symmetries acts
transitively on the octahedra.
It is also easy to verify that λ is an orientable colouring: since all colours used have an
odd number of 1 entries, the vector ε = (1, . . . , 1) belongs to Row(λ) and Proposition 2.3
applies. Thus M is an orientable manifold. 
4.1. The geometry and topology ofM. We conclude this paper by providing the reader
with some extra information on the manifoldM. As a degree-16 cover of the ideal hyperbolic
24-cell, its volume equals 16 · 4
3
pi2 = 64
3
pi2 and its Euler characteristic is equal to 16.
The tessellation of M into copies of Z is an Epstein-Penner decomposition for M with
respect to the maximal cusp section (see [9, Proposition 2.5] for details), and thus is preserved
by Isom(M). Any isometry of M which preserves the tessellation into copies of Z lies in
the colored isometry group of M, and therefore we are left with the task of computing this
latter group. We have all the ingredients for this: by (1) and (4) the colored isometry group
of M is isomorphic to
(F42 ⋊H)× C3
∼= Isom(M)(5)
with the action of H on F42 given by matrix multiplication.
By applying Corollary 2.2 we compute the Betti numbers of M. Namely,
β0 = 1, β1 = 0, β2 = 38, β3 = 23, β4 = 0,
CUSPS OF HYPERBOLIC 4-MANIFOLDS AND HOMOLOGY SPHERES 13
which is consistent with the fact that M has Euler characteristic 16.
Finally, we remark the fact that the colouring described in equation (3) is the only ori-
entable rank 4 colouring (up to DJ-equivalence) of the ideal right-angled 24-cell Z which
produces a manifold with all cusp sections homeomorphic to the Hantzsche-Wendt manifold.
This fact was checked by the authors computationally.
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